While standard heavy fermion metals feature a single spin-1/2 local moment per unit cell, more complicated systems with multiple distinct local moments have been synthesized as well, with Ce3Pd20(Si,Ge)6 being one example. Here, we discuss the physics of a Kondo lattice model with two local-moment sublattices, coupled with different Kondo couplings to conduction electrons. The phase diagram will be strongly modified from that of the standard Kondo lattice if the characteristic screening temperatures of the distinct moments are well separated. Therefore, we investigate the interplay between the two Kondo effects using a local self-energy approximation via slave bosons. We find that the two Kondo effects can either compete or co-operate depending on the conductionband filling. In the regime of competition, small differences in the two Kondo couplings can lead to huge differences in the respective Kondo scales, due to non-trivial many-body effects. We also study the low-temperature properties of the collective heavy Fermi-liquid state and propose a connection to depleted Kondo lattice systems.
I. INTRODUCTION
Inter-metallic compounds containing rare-earth ions have been the subject of intense experimental and theoretical efforts, owing to their fascinating physical properties. These include heavy fermion mass enhancement, unconventional magnetism and superconductivity, nonFermi liquid behavior as well as the exciting possibility of quantum criticality beyond the Landau-Ginzburg-Wilson paradigm. [1] [2] [3] Microscopically, most systems contain one rare-earth ion per unit cell, with a single unpaired f electron or hole, lending themselves to a theoretical description in terms of a Kondo lattice model with one spin-1/2 local moment per unit cell.
Recent work [4] [5] [6] on the family of ternary compounds (RE) 3 Pd 20 X 6 (Re=rare-earth, X=Si, Ge), which feature two inequivalent Kondo sites per unit cell, 7-9 uncovered a variety of interesting phenomena. Upon cooling, two magnetic phase transitions occur. [10] [11] [12] In Ce 3 Pd 20 Si 6 , regarded as one of the heaviest electron Kondo systems with a low-temperature specific-heat coefficient of C/T = 8 J/mol Ce K 2 , the lower transition can be tuned to zero temperature by application of a magnetic field, resulting in non-Fermi liquid signatures with a linear temperature dependence of the resistivity. 13, 14 Furthermore, substitution studies 6, 15 suggest that quantum criticality might also be achieved by pressure. Together, these results call for theoretical investigations of Kondo lattices with multiple Kondo ions.
A. General considerations
Theoretically, little is known about the behavior of Kondo lattices with multiple distinct local moments per unit cell. Here we start with a few general considerations for a system with two distinct Kondo ions.
For sufficiently strong Kondo couplings, a paramagnetic Fermi liquid phase with fully screened moments can be expected. Its Fermi volume is given by V FL = K d (n tot mod 2) with n tot = 2n c + 2n f = 2n c + 2, where 2n c and 2n f denote the average number of c and f electrons per unit cell, respectively. Further,
d /(2v 0 ) is a phase space factor, with v 0 the unit cell volume and the factor of two accounting for the spin degeneracy of the bands. If, in contrast, inter-moment interactions dominate, phases with magnetic long-range order (LRO, e.g. antiferromagnetic) without Kondo screening appear natural; alternatively, inter-moment singlet formation of spin-Peierls type can also occur. Given two spin-1/2 moments per crystallographic unit cell (more generally, an even number), both phases can be realized without further lattice symmetry breaking, resulting in a Fermi volume V AF = K d (2n c mod 2) which equals V FL .
Interestingly, a novel regime with partial Kondo screening may be reached when the characteristic Kondo scales of the two ions are distinctly different. First, upon increasing the temperature in the paramagnetic Fermi liquid, the magnetic entropy will be released in two stages, allowing to define two "screening" temperatures T 1 and T 2 associated with the two ions. Second, upon increasing inter-moment interactions at low temperature, magnetically ordered phases can occur, where one set of moments is strongly polarized with little screening, while the second set of moments still forms heavy quasiparticles with weak polarization. Such a magnetic phase is -apart from the possibility of Lifshitz transitions associated with changes in the Fermi-surface topologycontinuously connected to a local-moment metallic magnet without Kondo screening, 16 but observables will reflect the co-existence of local-moment magnetism with heavy fermion behavior. Schematic phase diagram of a Kondo lattice with two inequivalent local moments per unit cell, as function of temperature T and the magnitude of the inter-moment exchange I (measured relative to a microscopic Kondo scale, e.g., the largest single-ion Kondo temperature of the system). The crossover temperatures T1,2 mark the high-temperature onset of screening of the two ions in their lattice environment, while T coh is the lattice coherence scale below which the system displays Fermi-liquid behavior. Partial Kondo screening is realized for T2 < T < T1 (shaded). Upon increasing I, the system enters a long-range-ordered (e.g. antiferromagnetic) phase where the order is mainly carried by the low-TK ions (here "2"), while the high-TK ions ("1") remain almost fully screened -this is a "heavy LRO" phase. Further increasing I induces a crossover into a more conventional regime where all moments participate in the order ("light LRO"). It is conceivable that the "light" and "heavy" LRO regimes are characterized by different ordering patterns, necessitating further phase transitions inside the LRO phase. The focus of this paper is on the regime of small I.
resulting from this discussion, which extends Doniach's considerations 17 to the case of multiple distinct Kondo ions, is shown in Fig. 1. A central question is then under which conditions the two screening scales T 1 and T 2 will be vastly different. On the one hand, this of course depends on bare model parameters (i.e. the Kondo couplings and local densities of states), but -on the other hand -there is room for mutual influence and non-trivial interplay of the screening processes. The latter can be phrased into the following question: Does the onset of Kondo screening for one set of moments at some temperature T 1 promote or inhibit the screening of the second set of moments? Naive arguments can be found for either scenario: If the main effect of the higher-temperature Kondo screening is to inject additional states near the Fermi level, then the lowertemperature Kondo effect should be boosted.
18 Alternatively, a variant of the exhaustion argument 19 would imply that, once the higher-temperature Kondo effect sets in, fewer conduction electrons are left available for the lower-temperature Kondo effect, which is then inhibited. In the latter scenario, small differences in the two Kondo couplings can cause largely different T 1,2 . Naturally, the lower of the two screening temperatures T 1,2 sets an upper bound to the low-temperature coherence scale T coh of the heavy Fermi liquid (experimentally often defined as the upper boundary of T 2 behavior in the resistivity). However, even for standard Kondo lattices with one local moment per unit cell it has been shown [20] [21] [22] that T coh can be tiny compared to the onset temperature of screening (provided that inter-site effects are negligible 24 ), in particular in the so called "exhaustion regime" of small band filling. Clearly, the issue of what determines the coherence scale T coh in the case of multiple distinct local moments is far from obvious.
The purpose of this paper is to tackle the simplest set of questions outlined above, namely that of screening and coherence scales in the heavy Fermi-liquid regime of a Kondo lattice model with two distinct local moments. These issues can be efficiently addressed in a local self-energy approximation using slave bosons. 23, 24 We shall discuss the interplay between the Kondo crossovers of the two sets of moments. As detailed below, we find that -depending on the conduction-band filling n c -the Kondo processes may either compete or cooperate. For both cases, we describe the consequences for the low-temperature behavior and discuss experimental implications. In particular, we shall argue that small conduction-band filling tends to open a window of partial Kondo screening as in Fig. 1 . Further, the dominant influence of the conduction-band filling furnishes a link between the problem studied here and a seemingly different one, namely a Kondo lattice with random depletion of local moments.
25-27
We note that partial Kondo screening, somewhat similar to the regime advertised in Fig. 1 , has been predicted to occur in certain frustrated Kondo lattices, where a spontaneous modulation of the Kondo effect is instrumental in releasing geometric frustration.
28,29

B. Outline
The remainder of this paper is organized as follows. In Sec. II we introduce the microscopic Kondo lattice model with two distinct Kondo ions, to be studied in this paper. This model is studied in the framework of the slaveboson mean-field approach. The emergent Kondo scales are derived and discussed in Sec. III, including the physical picture of competing vs. co-operating Kondo effects. The low-temperature properties of the Fermi liquid are the subject of Sec. IV. We shall conclude by relating our results to depleted-Kondo-lattice physics and by discussing directions for future work. Technical details are relegated to the appendices. 
II. MODEL AND MEAN-FIELD APPROXIMATION
In the body of this paper, we discuss a Kondo lattice model with two inequivalent local-moment sublattices, with a Hamiltonian of the form
in standard notation, with s i = σσ c † iσ τ σσ c iσ /2 being the spin density of conduction electrons at site i and n c the average number of c electrons per site. The lattice, with a total number of unit cells N , is assumed to be bi-partite with sublattices A and B. The Kondo coupling J i differs for both sublattices and is given by
where δ iα = 1 (0) for i ∈ α (i / ∈ α) and α = A, B. In the following, we will assume
The unit cell of the model (1) contains two c orbitals and two local-moment (or f ) orbitals, Fig. 2 . For most of the paper, we shall consider simple nearest-neighbor hopping only, such that t ij = t on nearest-neighbor bonds and t ij = 0 otherwise. Both longer-range hopping and additional kinetic-energy modulations (compatible with the lattice symmetry) are not expected to qualitatively change our conclusions; this is explicitly shown in Appendix B for the case of a square lattice with secondneighbor hopping. For J 1 = J 2 our model reduces to the standard Kondo lattice with conduction electron filling n c , dubbed "homogeneous" case in the following.
A. Slave-boson mean-field approximation
The model (1) will be tackled using a standard slaveboson technique. We use a fermionic representation for the local spin S i , introducing auxiliary fermions f iσ such that
together with a local constraint σ f † iσ f iσ = 1. The Kondo interaction in (1) now takes the form
where additional terms have can be absorbed into chemical potential and have been thus dropped. The interaction (3) is then decoupled using a field b i conjugate to
Recall that N is the number of two-site unit cells of the lattice. The mean-field theory is obtained from the Lagrangian (4) by assuming that the fields b and λ have uniform and static expectation values on each sublattice
The approximation (5) is formally exact in the N → ∞ limit of a model with the spin symmetry extended to SU(N ).
Performing a Fourier transformation, c kσα (f kσα ) = 1 √ N j∈α e ik.xj c jσ (f jσ ), k running over the Brillouin zone of the Bravais lattice, one obtains the following mean-field Lagrangian
where the 4 × 4 inverse Green's function matrix G −1 is defined by
and
is the kinetic-energy matrix whose diagonal (off-diagonal) elements result from intra-(inter-) sublattice hopping.
The mean-field free energy is readily obtained from (5) as
where Tr is a trace over all internal indices α, k, ω, σ. Self-consistent mean-field equations are obtained by minimizing the free energy (8) with respect to b ν , λ ν and µ. The result is:
where the average occupation number of the c band on each sublattice is given by
Here G cc , G f f and G f c are the 2 × 2 sub-matrices of G, corresponding to the c, f and mixed sectors, respectively. The factors of two in the occupation numbers arise from summation over spin.
In the slave-boson mean-field approximation, the original problem has thus been mapped onto a model of four bands with inequivalent hybridization √ J α b α between the c α and f α bands. The resulting renormalized bands are defined by their dispersions E km , m = 1, 2, 3, 4, solutions of the eigenvalue problem
While it is not possible, in general, to obtain a closed form for the solution of (11), simplifications arise upon considering inter-sublattice (e.g. nearest-neighbor) hopping only, such that ζ k = ξ k = 0. Further, if sublattice modulations of the hopping are absent, k is real, and the c-electron kinetic energy is given by ± k . In this case, one can invert the relation E ≡ E m ( k ) and write
In particular, at the Fermi level, E = 0, we have
µ L may be interpreted as a c-band chemical potential accounting for the enlargement of the Fermi volume due to the Kondo effect, see Eq. (A3). In our case, b 1 , b 2 = 0 at T = 0, and the resulting Fermi volume V FL encompasses (2n c + 2) mod 2 electrons. In the mean-field equations, the restriction to intersublattice hopping only allows one to convert the momentum summations into energy integrals
where ρ 0 (ω) is the bare density of states (DOS) of the conduction electrons,
The DOS is symmetric, ρ 0 (ω) = ρ 0 (−ω), due to ζ k = ξ k = 0. Note that without sublattice modulations of the bare kinetic energy, ρ 0 is identical to the bare local c-electron DOS on both sublattices A and B.
In the following, the equations assume nearestneighbor hopping only. To ease the numerical implementation, the following calculations have been performed with either a semi-elliptic DOS, corresponding to a Bethe lattice with nearest-neighbor hopping, or a constant DOS, with no qualitative differences regarding the interplay between the two Kondo effects. In addition, we show some results for a square lattice, with and without next-neighbor hopping hopping, in Appendix B.
Finally, we note that non-local two-particle effects are not included in the present slave-boson approximation. In particular, there are no correlations between different local-moment spins, i.e., effects of RKKY interaction are neglected. At the mean-field level, this can be (partially) repaired by explicitly adding an inter-moment interaction which is then decoupled in the particle-particle or particle-hole channel. Such a procedure can, e.g., account for a spin-liquid phase competing with Kondo screening, but this is left for a future study.
III. KONDO SCALES
Let us start by recalling a few features of the slaveboson approximation applied to Kondo physics. The onset of Kondo screening is in general signaled by an (artificial) phase transition: For T > T K , the mean field b vanishes while it is non-zero for T < T K . For a single Kondo impurity coupled by an exchange coupling J to a bath with a DOS ρ 0 (ω), the mean-field Kondo temperature T K (J) is the solution of
For a constant DOS and in the weak-coupling limit, T K (J) evaluates to
Compared to the exact single-ion Kondo temperature, T
K , this mean-field T K has the correct exponential dependence on J and ρ 0 , and the prefactor matches the one-loop result for T (1) K . The artificial phase transition at T K (J) will turn into the physically correct crossover upon including gauge fluctuations in the slave-particle description.
Remarkably, the slave-boson approximation applied to a standard Kondo lattice, with bare c electron DOS ρ 0 (ω) and Kondo coupling J, leads to an onset of screening at exactly the same T K (J), simply because c electrons and local moments are decoupled for T > T K (J). However, coherent Fermi-liquid behavior may set in at a much lower temperature T coh (even at the mean-field level), due to protracted screening.
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With two inequivalent ions, there will be two onset temperatures for screening, T 1 and T 2 , i.e., upon increasing the temperature the mean field parameter b ν will vanish at the temperature T ν . From J 1 > J 2 we expect T 1 > T 2 . The regime T > T 1 consists of conduction electron decoupled from all local moments -this is a perturbative high-temperature regime. When T 2 < T < T 1 , the local moments on sublattice A are hybridized with the c electrons, while those on B are free -this is the regime of partial screening advertised in the introduction. Finally, below T 2 , all local moments are hybridized. As above, the coherence scale T coh , to be discussed in Sec. IV, may be significantly below T 2 .
A. Two-stage screening
The Kondo scales T 1 , T 2 are readily obtained from the mean-field equations (9) in the limits b 1 → 0, b 2 → 0, respectively. It is then easy to see that
with T K (J) in Eq. (15), because all moments are decoupled for T > T 1 . In contrast, T 2 has to be determined from
where ρ c2 (ω, T ) is the local DOS of c electrons on sublattice B. While ρ c2 (ω) is simply given by ρ 0 (ω + µ) for T > T 1 , the onset of Kondo screening on the A sublattice renormalizes ρ c2 in a temperature-dependent fashion, which is captured by the following equation:
Here, α(ω, T ) is a "boost factor", whose general form is given in appendix C. For T > T 2 it reduces to Due to the non-trivial temperature and frequency dependence of ρ c2 , the screening scale T 2 will not have the usual form (16) for the Kondo scale as a function of the Kondo coupling J 2 . Still, we expect that an increase of density of states at the Fermi level ω = 0 to enhance this scale. We have, omitting the explicit temperature dependence of the mean-field parameters
If ρ c2 (0)/ρ 0 (µ) > 1, the density of states at the Fermi level is enhanced by the first Kondo screening and we expect, accordingly, a boost of the B-sublattice Kondo screening, i.e.,
, the B-sublattice Kondo screening will be inhibited by the onset of the A-sublattice one. In general, the effect of α(ω, T ) is two-fold: as a factor affecting the argument of ρ 0 (ω) (which may induce a particle-hole asymmetry) and as an overall coefficient. For a constant bare density of states, used for most of the numerical calculations, the first effect is absent. Otherwise, it will induce quantitative changes depending on the shape of ρ 0 -this happens, e.g., in the square-lattice case in Appendix B.
Before discussing numerical results for the screening scales T 1,2 , it is enlightening to look at the renormalized dispersions E( ) as obtained from Eq. (11) by solving the set of mean-field equations. Fig. 3 displays the generic resulting bands for T 2 < T < T 1 and T < T 2 < T 1 . For temperatures T 2 < T < T 1 (Fig. 3a) , the local moments of the B sublattice are unscreened; in the mean-field approach, this is signaled by a flat band being located at the Fermi level ω = 0. Hence, three renormalized bands form, one of which is narrow and primarily of f character. If only nearest-neighbor hopping is considered, the symmetry of the DOS imposes that at half-filling, n c = 1 at µ = 0, this narrow band is completely flat and located at ω = 0. Away from half-filling, the width of this narrow band is then linear in |µ|. With an asymmetric DOS, the width of the narrow band still reaches its minimum at half-filling (but does not vanish). The dependence of this width on the chemical potential µ indicates a strong effect of the conduction-band filling n c on the B-sublattice Kondo screening. Lowering the temperature further below T 2 (Fig. 3b) , a hybridization gap opens near the Fermi level, and the second f -level transforms into a weakly dispersive heavy band crossing the Fermi level.
B. Competitive vs. co-operative Kondo screening
We are now in the position to discuss whether the Kondo effects on the two sublattices compete or cooperate. To quantify this effect, we shall compare the screening-onset temperature T 2 of the B-sublattice moments in our model with Kondo couplings J 1 > J 2 to the screening-onset temperature of a homogeneous Kondo lattice with the same bare DOS where all Kondo couplings are set to J 2 -the latter temperature is simply given by T K (J 2 ) according to Eq. (15) .
As T 2 is determined by Eq. (18), we first focus on the relevant B-sublattice local DOS ρ c2 (ω, T ). Fig. 4 shows the temperature evolution of the normalized DOS at the Fermi level ρ c2 (ω = Fig. 4 . At very low temperatures, we recover a finite density of states ρ c2 (0), as we expect for a metallic state, except at quarter filling, n c = 0.5, where ρ c2 (0) = 0 at all temperatures below T 1 and a band insulator is obtained. This can be understood using a counting argument: at quarter-filling, and for J 2 = 0, the large Fermi surface encompasses an even number 2n c + 1 = 2 of particles and a band gap at the Fermi level is expected.
The crucial difference between Figs. 4a and 4b is that for n c = 0.2, and generically below quarter-filling, ρ c2 (0) is smaller than ρ 0 (µ) at low temperature. Accordingly, we expect the B-sublattice Kondo effect to be reduced as compared to the homogeneous case. In contrast, for n c = 0.9, and generically above quarter-filling, ρ c2 (0) is strongly enhanced. This enhancement reaches its maximum at half-filling where the width of the narrow band reaches its minimal value as discussed earlier. Accordingly, we expect a sensitive boost of the second Kondo effect when J 2 J 1 . At quarter-filling, because the density of states at the Fermi level vanishes at all temperatures below T 1 , a second Kondo screening occurs only above a finite critical value J 2c .
The B-sublattice screening scale T 2 , as obtained from Eq. (18) , is displayed in Fig. 5 for different values of the conduction-band filling n c . At all fillings, the strength of the second Kondo scale is consistent with the expectations drawn from Fig. 4 for J 2 J 1 : a reduction (enhancement) of the B-sublattice c-electron local DOS results in a suppression (promotion) of the B-sublattice Kondo effect.
When n c 1/2, the second Kondo effect is inhibited for all values of J 2 < J 1 (Fig. 5a ), whereas it is promoted for 1/2 n c < 1 for all values of J 2 < J 1 (Fig. 5c) . It is worth emphasizing that the suppression of T 2 for small n c is a drastic effect: Even small differences between J 1 and J 2 can induce largely different T 1 and T 2 , Fig. 5a . Close to quarter-filling, a crossover regime is found for which the B-sublattice Kondo effect is promoted for J 2 J 1 and inhibited for intermediate values of J 2 up to J 1 (Fig. 5b) . For these intermediate values of J 2 , it is not straightforward to deduce the effect of the A-sublattice Kondo effect on the B-sublattice one because the density of states at the Fermi level ρ c2 (0) is vanishing in an intermediate energy regime. One has then to consider the full integral in (18) instead of focusing on its usually dominant ω = 0 contribution. We found this transition regime to depend on the shape of the bare DOS.
C. Kondo feedback
So far, we have considered the effect of the A-sublattice Kondo screening on the B-sublattice one, mainly in the extreme inhomogeneous case of small J 2 . We now discuss the "feedback" effect of the B-sublattice screening on the A-sublattice one. We have already emphasized that the A-sublattice Kondo scale is the same as the one obtained for the homogeneous case J 1 = J 2 . That is because this scale depends on the bare density of states of c electrons. Fig. 6 shows the generic temperature evolution of the Asublattice condensate b 1 at two different filling numbers n c . A kink is observed as soon as the B-sublattice Kondo effect sets in. Below quarter-filling, when an inhibition of the B-sublattice Kondo screening is observed, b 1 is reduced below T 2 , whereas it increases above quarterfilling, saturating at low temperatures. This means that the two Kondo effects are either mutually co-operative (above quarter filling) or mutually competitive (below quarter filling). Fig. 7 shows the generic temperature evolution of the average occupation number n c1 in the A sublattice at two different fillings n c = 0.2, 0.9. It turns out that for all fillings n c this quantity increases as soon as the A-sublattice Kondo effect sets in, i.e there are more electrons on the A sublattice as compared to B (recall that, for T > T 1 , both fillings are equal in our model). At the onset of the B-sublattice Kondo effect, n c1 reduces again without necessarily recovering its hightemperature value.
The fact that n c1 increases for all values of filling number n c as soon as the A-sublattice Kondo effect sets in means that the latter sustains itself not only by involving low energy, i.e near the Fermi energy, conduction electrons in the second sublattice but also high energy ones. It shows also that the average number of c electrons in the B sublattice n c2 plays little role, compared to the density of states ρ c2 , in identifying a promotion or inhibition regime for the second Kondo effect.
IV. LOW-TEMPERATURE PROPERTIES OF THE FERMI-LIQUID STATE
At sufficiently low temperatures, we expect our model system to behave as a Fermi liquid (neglecting possible magnetic or superconducting instabilities and provided that no Kondo insulator obtains). The Fermi liquid can be characterized by its linear-in-temperature specific heat C(T )/T ≈ γ, constant magnetic susceptibility χ 0 and quadratic-in-temperature resistivity ρ(T ) − ρ 0 ≈ AT 2 . This Fermi-liquid behavior will be realized below a so-called coherence scale T coh , which governs the lowtemperature properties of thermodynamic and transport quantities and takes the role of an effective Fermi energy of the heavy quasiparticles.
For the case of a homogeneous Kondo lattice, studies using local self-energy approximations to the Kondo lattice model (i.e. dynamical mean-field theory and slave bosons) have shown that is different from T K , but shares its exponential dependence on the Kondo coupling J. [20] [21] [22] 30 In particular, their ratio has been found to be independent of J. In this section, we explore this issue in the case of two inequivalent local moments per unit cell. The effective four-band picture is particularly appropriate to describe the Fermi-liquid regime that sets in at very low temperatures.
In the low-temperature limit, thermodynamic quantities, such as the electronic entropy S e (T ) or the electronic specific heat coefficient C(T ), are determined by the density of states at the Fermi level ρ(0) S e (T → 0) = π 
so that the low-temperature expansion of thermodynamic and transport quantities may be written in terms of powers of T /T coh . The same applies to our mean-field parameters which are expected to saturate to their zerotemperature value sufficiently belowT coh . AsT coh is, strictly speaking, a scale characterizing the T = 0 state only, we define T coh = min{T coh , T 1 , T 2 }. (Note that T coh < T 2 except in the proximity to Kondo-insulating states.)
A. Entropy Fig. 8 shows the temperature dependence of the total average entropy for different coupling constants J 2 above quarter-filling, here n c = 0.9.
We first discuss the extremely inhomogeneous case J 2 = 0, corresponding to decoupled B-sublattice moments. Here, the entropy starts to drop slowly below T 1 , remaining close to 4 ln 2, then decreases steeply towards low temperature to reach 2 ln 2 at T = 0. This residual entropy corresponds to the one of the unscreened local moments in the second sublattice. 32 Once this contribution is subtracted, a linear dependence is found at low temperature consistent with the formation of a coherent Fermi liquid state, involving conduction electrons in both sublattices as well as the screened local moments on the A sublattice (while the B local moments are decoupled), with a finite "coherence" scale T coh . For finite values of J 2 , a second kink signals the onset of the second Kondo screening at T 2 . Then a stronger decrease is observed in the entropy below this scale. This decrease can be followed by a plateau-like feature close to half filling. (This feature is absent below quarter-filling.) At lower temperatures, the entropy is again linear in temperature signaling the emergence of a Fermi liquid regime out of the conduction electrons and the local moments in both sublattices. Fig. 9 shows the evolution of the coherence scaleT coh with the filling number for different values of J 2 . In all cases,T coh approaches zero as n c → 0 as a result of "exhaustion".
B. Coherence scale
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Again, we start with the extremely inhomogeneous case J 2 = 0. Here, a band insulator is obtained at quarter-filling and T coh is not defined. Above quarterfilling, the coherence scale for J 2 = 0 decreases down to zero at half-filling. This can be understood by looking at the renormalized band structure (see Fig. 3 ). The width of the band crossing the Fermi level is of order µ, the chemical potential. As we increase the filling number n c towards half-filling, this quantity, proportional toT coh , decreases towards zero. The argument forT coh going to zero at half-filling relies on the fact that the bare DOS is symmetric, and thus that µ = 0 at half-filling. However, we observed that the decrease ofT coh above quarterfilling holds even with the inclusion of next-nearest neighbor hopping, i.e. for a asymmetric bare DOS, albeit not towards zero at half-filling.
For finite J 2 , the behavior ofT coh is consistent with the observations regarding the promotion or inhibition of the B-sublattice Kondo effect, as its scale T 2 sets an upper bound onT coh . This is more easily seen in Fig. 10 , where we compareT coh to the homogeneous case's result. At low fillings, the coherence scaleT coh is smaller compared to the homogeneous case, consistent with the inhibition of the second Kondo effect: the mean-field parameters saturate at lower temperatures compared to the homogeneous case. The opposite happens above, whereT coh is increased, consistent with the promotion of the second Kondo effect. Its effect onT coh is most pronounced close to half filling.
It is worth discussing the contributions to the total DOS ρ(0), which defines ourT coh . Consider the ratio between the densities of states of the two sublattices:
where α(0) is the boost factor given by
, see Eq. (C2) in Appendix C for details. The ratio (24) is mainly controlled by two quantities: the boost factor α and the relative contributions coming from the heavy f -like bands forming below the Kondo scales. Fig. (11) shows the contributions of each sublattice to the total DOS ρ(0) = 1/(4T coh ) for different electronic fillings n c and couplings J 2 . For 0 < J 2 /J 1 1, the total DOS is dominated mainly by contributions from the B sublattice for the lowest electronic filling up to n c ∼ 0.75 then decreases below the contribution from the A sublattice before converging to one half towards half filling. In this regime of Kondo couplings, and for low electronic filling, the main contribution comes from the f -like heavy band formed out of local moments in the B sublattice (regardless of the small boost factor). We note that the detailed behavior near n c ∼ 0.8 depends on the input c-electron DOS and is different for the squarelattice case.
For J 2 /J 1 1, contributions from the A sublattice dominates for very low electronic fillings before being over passed by the contribution from the B sublattice already below quarter filling. The latter contribution attains its relative maximum at quarter filling before reducing towards one half, both contributions being equal at half filling. Here the effect of the boost factor wins over the effect originating from the two f -like heavy bands and mainly sets the behavior of the ratio (24) An interesting feature for the different investigated shapes of DOS and 0 < J 2 /J 1 ratios, when only nearestneighbor hopping is considered, is the convergence towards equal contributions from each sublattice when approaching half filling, n c → 1. This is due to the symmetry of the DOS that imposes µ = 0 at half-filling. In this case, one can check from (24) that µ → 0 causes ρ 1 (0)/ρ 2 (0) → 1 for all values of J 2 and J 1 .
V. DISCUSSION
A. Summary
In this paper, we have investigated the interplay between two sublattice Kondo effects in a bi-partite Kondo lattice model with two spin-1/2 local moments per unit cell, with Kondo couplings J 1 > J 2 on sublattices A,B. We have found that the conduction-band filling n c determines how the B-sublattice Kondo effect is affected by the onset of A-sublattice Kondo screening: it is generically promoted for n c > 0.5 and inhibited for n c < 0.5. Our collected results thus show that quarter filling, n c = 0.5, is the boundary separating regimes where the two Kondo Contributions of each sublattice to the lowtemperature average density of states at the Fermi level ρ(0) = 1/4T coh , illustrated for different electronic filling nc and J2/J1 = 3/8 (top) and J2/J1 = 7/8 (bottom). ρν ≡ ρcν + ρ f ν is the density of states of sublattice ν. The bare density of states ρ0 used is constant in its support.
effects are either mutually co-operative (n c > 1/2) or mutually competitive (n c < 1/2). A strong competition in the latter regime implies that small differences between J 1 and J 2 induce large differences between T 1 and T 2 as a result of non-trivial feedback effects, see Fig. 5a . Therefore, the regime of partial screening advocated in the introduction may be reached easily for small conduction band filling.
B. Relation to depleted Kondo lattices
Heavy fermion systems with randomly depleted local moments constitute an interesting route to interpolate between the physics of isolated Kondo impurities and coherent Kondo lattice behavior. Experimentally, depletion is realized by substituting magnetic by non-magnetic ions, as e.g. in Ce 1−x La x Al 3 . Theoretically, a number of papers have treated depleted Kondo lattices, [25] [26] [27] with randomly distributed local moments with concentration n f < 1, mainly using local self-energy approximations, combined either with CPA or with a numerically exact treatment of spatial disorder. One of the remarkable findings is that n f = n c marks a boundary between two distinct regimes: For n f < n c the behavior is akin to that of dilute impurities, i.e., lattice effects appear to be small, whereas n f > n c leads to Kondo lattice behavior. Although both regimes are Fermi-liquid-like at lowest temperatures, the crossover is rather pronounced e.g. in the coherence temperature T coh (n f ) which is approximately constant for n f < n c , but rapidly drops upon increasing n f beyond n c . The latter behavior may be related to "exhaustion", i.e., the lack of conduction electrons to screen the moments. It has been speculated that the boundary n f = n c is inherited from the strong-coupling limit, J → ∞, where n f = n c represents a (random) Kondo insulator. 25 We believe that the two seemingly different problems of depleted Kondo lattices and Kondo lattices with inequivalent local moments are related in the following way: For T 2 < T < T 1 in the latter problem, Kondo screening is "active" for half of the moments. This can be read as an n f = 1/2 depleted Kondo lattice, albeit without randomness. Carrying over the results of Refs. [25] [26] [27] suggests that n c < 1/2 then corresponds to a collective regime with exhaustion playing a role. As a result, conduction electrons are strongly involved in screening Asublattice moments, such that B-sublattice screening is suppressed and the two Kondo effects compete. In contrast, for n c > 1/2 a single-ion picture is more appropriate: Kondo screening of A sites injects states near the Fermi level, such that B-sublattice screening is promoted and the two Kondo effects co-operate. These arguments, although somewhat simplistic, are consistent with our numerical results for ρ c2 in Sec. III B.
C. Extensions
A natural extension of the calculations presented here is to take into account non-local magnetic correlations, due to either RKKY interactions or a direct Heisenberglike exchange. In addition to the standard Kondo lattice phenomenology, i.e., the occurrence of magnetic (or spin-liquid) phases for dominant inter-moment exchange, interesting physics can be expected in the regime of partial screening, see Fig. 1 . For instance, for small J 2 the B-sublattice moments are more susceptible to non-local effects than the A-sublattice moments, paving the way to either non-local B-sublattice "screening" or B-sublatticedominated magnetic order.
One might also speculate about variants of the Kondobreakdown (KB) scenario for quantum criticality, originally proposed as a possible description of some fascinating non-Fermi liquid properties in heavy fermion systems. [33] [34] [35] A central role in this scenario is played by so-called fractionalized Fermi-liquid states, formed out of conduction electrons weakly coupled to an exotic (i.e. fractionalized) spin liquid. 34 In the present situation with two local moments per unit cell, a "conventional" spin liquid with intra-cell dimer formation are possible, leading to a light metallic state with Fermi-liquid properties, similar to that in the bilayer Kondo lattice model of Ref. 36 . However, exotic spin liquids may be formed e.g. from the B-sublattice moments only, such that a fractionalized Fermi liquid may be realized in the regime of partial screening. A comprehensive study of these issues is left for future work.
D. Experiments
At present, relatively little detailed information is available about the low-temperature properties of the (RE) 3 Pd 20 X 6 compounds mentioned in the introduction. Clearly, a detailed characterization of the ordered phases, e.g., by neutron scattering, is desirable to put those in the global perspective advocated here.
Based on our results, we propose to perform systematic doping studies of these compounds, using dopants of different valence. As shown here, variations in the conduction electron filling can be expected to significantly affect the different Kondo scales in the system.
where
where µ L ≡ µ − Jb 2 λ can be understood as a chemical potential corresponding to the enlarged Fermi volume, which encompasses n = n c + 1 electrons when b = 0.
The Kondo temperature T K is defined as the temperature for which the effective hybridization ∝ b vanishes. It is obtained from the mean-field equations (A2) in the limit b, λ → 0. This gives
For ρ 0 (µ) = 0, the main contribution to the integral in (A4) comes from ω = 0 and any finite coupling J leads to T K > 0. In the weak coupling regime J D, one finds
where α 0 = 1.13 is a numerical constant and
In the Kondo lattice problem, the Kondo scale T K is not necessarily the one that characterizes the behavior of the low-temperature regime. Generally, the thermodynamic quantities like the specific heat coefficient or the zero temperature magnetic susceptibility are characterized by a second energy scale given by
where ∆µ = µ L − µ and
From (A5) and (A7), we see that the scales T K andT coh have the same exponential dependence on the coupling constant J. They can differ considerably in their prefactors. Their ratio depends generally on the electronic filling and the shape of the density of states. Well below T coh = min{T coh , T K }, the system behaves as a Fermi liquid for less than half-filling. In this appendix, we present some results for the Kondo lattice problem with two inequivalent local moments, Eq. (1), on a square lattice of c-electron orbitals. Restricting ourselves first to the case of nearest-neighbor hopping only, we can apply the numerical machinery as in the body of the paper, i.e., the momentum summations can be converted into frequency integrals. To this end, one needs the c-electron density of states, which is given by
where K(x) is the elliptic integral of the first kind, and D = 4t where t is the nearest-neighbor hopping. This DOS is smooth and continuous, except at the step-like |ω| . Fig. 12 shows the temperature evolution of the local DOS for the c electrons in each sublattice for the square lattice with no next-nearest neighbor hopping. This evolution is consistent with Fig. 3 showing the renormalized dispersions at T 2 < T < T 1 and T < T 2 . Fig. 13 shows the dependence of the coherence and Kondo scales on the electronic filling number n c for J 2 J 1 and J 2 = J 1 and how they compare to the coherence scale in the homogeneous case. This is qualitatively similar to Fig. 9 : for low fillings, the coherence scaleT coh is smaller compared to the homogeneous Kondo lattice case then bigger above quarter filling, when we approach half filling. Thus, the qualitative picture developed in the body of the paper is reproduced for the square lattice.
Finally, we investigate the effect of the inclusion of next-nearest hopping, with a parameter t . Non-zero t results in non-vanishing momentum-dependent diagonal terms ξ k = ζ k = −4t cos (k x ) cos (k y ) in the kinetic matrix E k in (6) . Then, momentum summations in the mean-field equations (9) can no longer be turned into an integration over energies. Instead, the mean-field equations are now solved on a discrete lattice of 64 2 sites. Figs. 14 and 15 show the dependence of the Bsublattice Kondo scale and the Kondo scale in the homogeneous case on the electronic filling n c for various values of the next-nearest hopping parameter t .
Our conclusion on the promotion or the inhibition of the second Kondo effect is found to be robust against inclusion of next-nearest neighbor hopping, namely inhibition below quarter-filling and promotion above quarterfilling. 
